The charged black hole of Bañados, Teitelbiom and Zanelli is studied in extended gravitational thermodynamics where there is a dynamical pressure and volume. It is a simple example of a superentropic black hole, violating the reverse isoperimetric inequality. It is proven that this property implies that its specific heat at constant volume is negative, signalling a new kind of fundamental instability for black holes. It is conjectured that this instability is present for other super-entropic black holes, and this is demonstrated numerically for a large family of known solutions. Combining quantum mechanics with spacetimes possessing horizons reveals black holes to be thermodynamic objects [1] [2] [3] [4] [5]. The standard framework assigns to a black hole a temperature T , an entropy S=A/4, and an energy U =M , which obey the first law of thermodynamics: dU =T dS. (Here, M is the mass of the black hole, A is the area of its horizon, and we are using geometrical units where G, c, , k B have been set to unity.) The most celebrated example of this is supplied by the Schwarzschild black hole in d=4 spacetime dimensions, in asymptotically flat spacetime, which has S=4πM 2 and T =1/8πM . The black hole reduces its mass-energy M due to Hawking radiation at temperature T , but this shrinking results in higher temperature, increased radiation, and hence more mass loss, etc. This is an unstable situation, and is the earliest known quantum instability of a gravitational system. It is summarized neatly by observing that the specific heat is negative:
In this Letter, a new but closely related quantum instability for black holes will be uncovered, in a context that has been the subject of considerable research activity in recent years. The setting is extended gravitational thermodynamics [6] . There, making dynamical the cosmological constant, Λ, of the gravity theory yields a pressure variable p=−Λ/8π, and the black hole's mass M is found [7] to be equal to the enthalpy H=U +pV . The pressure's conjugate is the thermodynamic volume V ≡(∂H/∂p) S . The first law of thermodynamics is dH=T dS+V dp. For spacetimes with Λ<0, considered here, the pressure is positive, yielding a well-defined equilibrium thermodynamic framework. In such spacetimes, there are analogues of the Schwarzschild black holes which come in two classes [8, 9] : Those which are large compared to the length scale ∼(−Λ) −1/2 have a T that grows with M , which makes them stable. Those which are small compared to are the unstable analogues of flat-space Schwarzschild, and for those, in d spacetime dimensions [10] :
(where ω n =2π (n+1)/2 /Γ[(n + 1)/2] is the volume of the round unit sphere S n i.e., ω 1 =2π, ω 2 =4π, · · · ). In the above, the notation C p was used, indicating that since the specific heat usually discussed in traditional thermodynamics is at a given Λ, it is at constant pressure, p. For d=4 the above result indeed reduces to that of equation (1) . In extended thermodynamics, it is (as emphasized recently in ref. [11] ) prudent to also examine the behaviour of the specific heat at constant volume, C V , since it can give important extra information about the physics. C V (T ) is in fact a powerful probe of the nature of the underlying degrees of freedom. It will be shown below that for a number of examples of the so-called "super-entropic" black holes [12] , C V <0, showing that they are unstable in this extended framework. The meaning of this instability will be explained.
Because of the explicit way the cosmological constant enters into Einstein's field equations, and hence into the line element encoding the black hole solution, questions of constant pressure are easier to formulate in this framework. In general, since the volume does not appear explicitly, it is harder to extract closed form expressions for quantities like C V from the black hole equations. Nevertheless, progress can be made. First, on an exactly solvable example, and later by using numerical methods on a large class of examples.
The black hole solution of Bañados, Teitelbiom and Zanelli (BTZ) [13, 14] has played a central role in studies of the physics of black holes, both classical and quantum. This is despite the fact that it is (2+1)-dimensional, and that it has a negative cosmological constant, Λ. Its relative simplicity is part of the reason for its ubiquity, often providing simple (sometimes exact) results for a range of important phenomena from gravitational collapse to the scattering of quanta off the black hole. It even plays a direct role in studies of quantum aspects of classes of black holes in other dimensions, organizing the microscopic accounting of the quantum degrees of freedom that underlie entropy. (See refs. [15] [16] [17] .)
Here, the BTZ black hole will again serve as a useful exact model, but it is the electrically charged version that will be of interest [18] . In fact, it is one of the simplest black hole solutions that has nonzero C V . It solves the (2+1)-dimensional EinsteinMaxwell system with action:
where Λ=−1/ 2 sets a length scale . The metric and gauge potential are [19] :
The (circular) horizon is at r=r + , the largest positive real root of f (r + )=0. The physical charge and mass are Q and M , respectively. The extended thermodynamics was explored in ref. [20] , yielding:
A key point here is that V and S are independent variables, and so C V =0. The ultimate goal here is to compute its temperature dependence. It will be helpful to start with C p ≡T ∂S/∂T | p . For this, the expression for T in equation (5) is readily inverted to give (taking the plus branch, which has the correct Q=0 limit):
resulting in:
which is manifestly positive, with the large T behaviour C p (T )=πT /8p + · · · . Turning to C V (T ), we can use either of the well-known relations:
where α p ≡V −1 ∂V /∂T | p is the isobaric thermal expansion coefficient, κ T ≡−V ∂p/∂V | T is the isothermal bulk modulus, and β S ≡−V −1 ∂V /∂p| S is the adiabatic compressibility. The expression (6) for S(T, p) can be used in the expression for the volume in equation (5) to yield:
From this, α p and κ T can be readily computed (and the last of equation (5) can yield β S ), and either of equations (8) yields:
where equation (9) must be solved for p(T, V ) in order to write C V (T ) explicitly in terms of the fixed V , and some additional T dependence. (For brevity, it is not written out here as it is not needed.) This is the main result. The key observation here is that C V is manifestly negative. Moreover, at large T :
This result shows that at fixed volume the internal energy decreases if the temperature increases, or vice-versa:
While the precise T -dependence of C V is different from d=4 Schwarzschild (because of dimensional analysis, and here d=3), (see equation (2)) the phenomena being heralded are related. The black hole is unstable to shrinking, radiating away. Recall that thermodynamic volume here is not geometric volume, so this is entirely consistent with fixed V . In fact, it is clear from equations (5) that moving up an isochore results in T increasing and hence p increasing. Increasing p means decreasing S if V is to be constant. So the horizon area shrinks. The system radiates at higher temperature as a result, accelerating the evaporation process. This new type of instability is possible because p is now dynamical, and because the volume here is decoupled from entropy and hence the black hole size. The charged BTZ black hole is an example of a "super-entropic" black hole solution [20] . In other words, it violates the so-called "reverse isoperimetric inequality" of ref. [21] :
In the case of the Schwarzschild black hole, (or Reissner-Nordström), the horizon is simply a round sphere with A=ω d−2 r d−2
+ , and the thermodynamic volume is the naive geometric volume [7] 
. Then S=A/4 and V are not independent and hence C V =0. In this case, the identity is saturated. For a large number of other solutions (including Kerr black holes [21] , STU black holes [22] , Taub-NUT/Bolt [23] ) where C V = 0, the volume factor in equation (13) is in fact larger, resulting in R > 1. So the identity essentially states that a black hole of a given thermodynamic volume has its entropy bounded above by the amount that a Schwarzschild black hole would have. To date, this has been simply an observation made in the literature, but no physical reason has been given for the bound. Solutions that violate the bound have been identified (the charged BTZ being the simplest), and in fact several have now been constructed and presented in the literature [12, 24] .
In fact, for the charged BTZ black hole it is easy to see that there is a direct connection between the violation of the identity and the C V <0 instability under discussion here. An expression for C V in terms of S and V can be derived by first eliminating p between the third and fourth members in equations (5) to give T (S, V ):
This is an interesting form, since the manifest positivity of the temperature, evident in other forms, is reflected in the statement that 4S 2 >πV . (Note that T is finite as Q→0. The numerator and denominator go to zero at the same rate.) In fact,
4S
2 =πV is exactly the saturation of the identity. Differentiating (14) with respect to T , at fixed V , readily yields after some rearrangements [25] :
In other words, the violation of the identity has ensured that C V <0. This result is highly suggestive and leads to a natural conjecture that super-entropic black holes always have C V <0, making them unstable in extended thermodynamics. This is hard to test, because, as mentioned earlier, explicit expressions for C V are hard to write, in general. It is reasonable to suppose however, that C V , when written in terms of S and V in general, will be a positive function for sub-entropic black holes, with a factor generalizing (πV −4S
2 ) that goes negative for super-entropic holes. (When C V (T ) is positive, it is likely to have the Schottky-like peaks found in ref. [11] .)
Although exact expressions for C V are difficult to extract, progress can still be made numerically, using the methods of ref. [11] . As examples, the geometries that resulted from special ultra-spinning limits of the Kerr black hole in d spacetime dimensions in ref. [12] were tested. (See eq. (25) of that paper for the explicit expressions.) Figure 1 shows examples of the results for the large T behaviour of C V (T ) for d=4, 5, 6, 7. (Exploration showed that these are the tails of negative versions of the kind of peaks found in ref. [11] .) This large T behaviour, like the leading behaviour of C p (T ) for the Schwarzschild-like black holes, again signals a runaway evaporation.
As a final remark that supports a connection between negative C V and super-entropicity, ref. [11] emphasizes that C p (T ) and C V (T ) are two subtly different diagnostics of the available degrees of freedom of a system. They both measure the increase in energy when heat is added to the system, per unit T increase, but the former is larger because it must also take into account work done in increasing the volume. So C V measures only standard or "traditional" degrees of freedom that don't involve changes in volume to excite [26] . If there is an instability associated with some of these degrees of freedom (i.e., if U can decrease on increasing T ), then there must be an over-compensation in the heat needed in order to have the same magnitude of C p as stable solutions and maintain S=A/4. This would translate into needing a much larger entropy than stable solutions, explaining the super-entropicity phenomenon.
In conclusion, this Letter describes a new quantum instability in extended gravitational thermodynamics, available when the cosmological constant can vary. The instability results in a runaway evaporation of the solution. The diagnostic tool is the sign of C V . It is also conjectured that the instability is intimately connected to the property of being superentropic. This was proven here for the charged BTZ black hole, and successfully tested for the large family of super-entropic solutions presented in ref. [12] . Some partial arguments forging a general connection between the two phenomena were presented. It would be interesting to test other solutions, and of course to find a proof of the conjecture. It is worth remarking that if a version of this instability is present for Λ>0, it could have astrophysical and cosmological relevance if models of dynamical Λ were to find application in those contexts.
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